1. (50 points) You have a particle of mass m confined to a 1D box between
—5% < x < §. Take the set of states {|n)} to refer to the eigenstates of the
Hamiltonian; I:I|n> = n?Ey|n), for n = 1,2,3,.... You already know the
eigenfunctions (x|n).

(a) You can write the energy representations of the operators & and p, by

saying
T =>_|my(m|Z|n)(n| = men\m n|

mn

where x,,, = (m|z|n); and
p=">_Im)(mlpln){n| = men\m

where pp, = (m|p|n).

Find expressions for the “matrix elements” x,,, and p,,,, for arbitrary
m and n. Simplify the expressions as much as possible (look up some
trigonometric identities). Just to make it easy for me to check your

answer, write down the a-dependent values for z,,, and p,,, for m,n =
1,2,3,4 (the 4 x 4 sub-matrices).

Hint: Paying attention to parity will simplify many of your integrals.
Answer: Convert to wave function integrals:

(mialn) = [ do g}

If m and n are of the same parity, the integral will be zero, since x is an
odd function. Also, since the ¢, are real, and (m|z|n) = (n|z|m)* =
(n|Z|m), this means x,,, = Tnm. So we only need do the integral for
even n and odd m (or vice versa). In this case,

nm mm

2 ra/2
Trm = 7/ dx x sin —x cos —x
—a/2 a a

After use of integral tables and some algebra,

xnm -

T2 2

%[mfmv‘@wim

] (_1)(n+m—1)/2

The p matrix elements are also 0 for states of the same parity, since
the derivative reverses parity. Now, however, (m|p|n) = (n|p|m)* =
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—(n|p|my); this means p,, = —pnm because of i* = —i. So we take n
even and m odd again, with
a/2 nm 0O mm

L2
Pnm = 1h — dx sin —x — cos —x
aJ—a/2 a x a

Again, after some algebra, the result is

4ih nm

Pam = ———

_ My mme1)2
a (n? —m2)( )

The first 4 x 4 submatrix for Z is:

0 1/9 0  —2/225
16a | 1/9 0 —=3/25 0
2 0 —=3/25 0 6/49
—2/225 0 6,/49 0
For p,
0 —1/3 0 2/15
8&h| 1/3 0 3/5 0
a 0 -=3/5 0 —6/7

—2/15 0 6/7 0

(b) At ¢t = 0, the particle is in an initial state
1
G

Find the expectation value (z) as a function of time ¢. Your answers
should have sine or cosine terms in it.

[¥) (1) +12) — 2i[3))

Answer: Putting in the time evolution,
WUt 2U@0)|) =5 (41 (1] + (2] + 2i e™'(3]) &
(7 1) + e7™"[2) — 2ie~™[3))
The only relevant non-zero matrix elements of z as calculated from part
(a) are x19 = x3, and x93 = 2%,. Using these, we get
8a 1

<$> — ﬁ {9 <€z(w1—w2)t + ez(wg—wl)t) . % (ez(w;g—wz)t . ez(wg—ug)t)]

Quantum Mechanics Exam 1 Solutions 2



Converting to cosines and sines, and using w,, = n?w;, we get

(z)

84 12 s 3wt + 2 sin Seont
= —— | — COS oW — S11l oW
372 |9 DT !

(c) Find (p) as a function of ¢ when you start with the same initial state

[¥)-

Answer: As in the previous case,
WO pUBN) =5 (1] + (2] +2i e (3]) p
<€—iw1t|1> + 6—iwgt|2> — 9 6—iwgt|3>)

We've computed the relevant p matrix elements in part (a). Putting
them in gives

4h T1 ~ ‘ 6, . ,
_ O Ji(wi—wa)t H(wa—w1)t) _ M [ Ji(wz—w2)t t(wa—w3)t
<p> — ” |:3 ( et 2 +e 2 1 ) 3 (e 3—w2 +e 2—W3 ):|

Which leads to

) = 5 [~ st + 2 cosio]
=— |——sin —
p) =5 |~z sindw 7 Cos 5wy
(d) Check whether

d(x)

Should this equality hold or not?
Answer: Using w; = F;/h = hr?/2ma?, we find that

d
m () = ()

is correct. This is as we should expect, given Ehrenfest’s Principle.
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(e) Your initial state at t = 0 is again |¢)) from (b). Find the probability
distribution for measurements of the parity as a function of ¢.

Answer: Write the state as a sum of normalized parity eigenstates:

001) = Y8 [ = (1) - 2ie )] + e

Clearly the time-dependent phases don’t affect the probabilities, which
are

As it should be, since parity is conserved.

(f) Say that at a time ¢ > 0, you measure an even parity for your particle
with initial state [¢)) at ¢ = 0. What is the new state |¢) immediately
after the parity measurement?

Answer: Take the projection onto the even parity subspace, and
re-normalize it:

1 —iw1t - —ijwst
9) = 2 (1) — 21 7))

2. (30 points) Starting from the following:

(zla"y =o0(x—2a') ,  (k[K)=0(k—FK)
/ﬂxumm:f , /dMM@ﬂzf

@:/mxm@| , p:n/%mm@

eikcp
z|k) =
(@t = T
Prove that
[z, p| = ik
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Hint: Remember that

2177 /dw @ W=v') — oy — ) where /dy y—2)f(y) = f(2)

1 ) /
—/dwwew(y_y) =—id'(y—1v) where /dy Oy —2)fly) =—1f'(2)
2
Answer: We have
ip = h/dk: dvak|z)(zlk) (k]  and  pi = h/dxdk ke k) (k|z) (x|

Let’s try to make pz look more like zp. Therefore
—ikx
V2T

But we need to write the |k) in terms of the |x) vectors and vice versa. So,

Pz = h/dm dk ke S — k) (x|

k) = [ da’ ') ) = [ o m”

2 1./
ezkx

(] :/dk’ (e|K) (K| :/dk’mw

And therefore

P2 = h(2m) 3 / dz dk ' dk' kz e~ Heei 2o’ |37) (k|

NI

— h(2n) / dz da’ dk’xeik'%’><k’\217T / dk k e =2)
= h(2m) 2 /dw da' dk' x e®' |2y (k' |(—1)d' (¢' — )

— —in(2n) / da! di' [ ik M |y ()

— —in(2n) / dz’ dk' €% |2y (k| + &p

— / dr' dk' ') (2 |K') (K| + &

= —ihIl +&p
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Therefore

[, p] = ih

3. (20 points) You have a free particle in 1D with an initial wave function
¥ (2,0). Find an expression giving (P) as a function of time (P is the parity
operator), and using this, directly confirm that (P) is conserved.

Answer: Expand 1 in terms of the e’** eigenfunctions for H:

b(,0) \/_/dk e (k)

Therefore the time evolution is

/dk’ ezk:c —zw
where w(k) = hik?/2m.
Now for the parity expectation:

Py = [dew Py = [dey (e t)p(-a,1)
- ;ﬂ [ dadrear e_ikxgb(k)ei“(k)te_ik,”“qb(k’)e‘iw(k’/)t
= [ drak (k) (ke / da ¢~k
- / dkdk’gb(k)ei“(k)tgb( ek 5(—l<;—k)
= [ dr o) g(—k)e b

Now, notice that w(k) = w(—k), therefore

= [k otkys(—k)

which does not depend on time. Therefore (P) is conserved.
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