
Homework Solutions # 8 (Liboff Ch. 9)

9.3 L = h̄
√

l(l + 1), so l = 7 in our case. The x axis is arbitrary; the
minimum angle will be the same as that for the z axis, where Lz = h̄m.
This will happen for the maximum m = l = 7. The angle is then θ =

cos−1(m/
√

l(l + 1)) = 21◦.

9.9

(a) (
L̂× r̂

)
x

= L̂yẑ−L̂zŷ = ẑL̂y+[L̂y, ẑ]−ŷL̂z+[L̂z, ŷ] = −
(
r̂ × L̂

)
x
+2ih̄x̂

generalizing to all components, this means

L̂× r̂ = 2ih̄r̂ − r̂× L̂

(b)

(
L̂× r̂

)†
x
− (ih̄x̂)† = ẑL̂y − ŷL̂z + ih̄x̂ = ih̄x̂−

(
r̂ × L̂

)
x

Which is the same, from part (a).

(c) Breaking it apart, all the non-zero commutators are of the form

[L̂2
y, x̂] = L̂y[L̂y, x̂] + [L̂y, x̂]L̂y = −ih̄(L̂yẑ + ẑL̂y) = −ih̄(2L̂yẑ − ih̄x̂)

So
[L̂2, x̂] = −ih̄(2L̂yẑ − ih̄x̂− 2L̂zŷ − ih̄x̂) = −2ih̄Θx

and so forth.

9.23 Using the ladder operators, and with a and b appropriate normaliza-
tion constants,

〈Lx〉 = 〈lm|1
2
(L̂+ + L̂−)|lm〉 = a〈lm|l,m + 1〉+ b〈lm|l,m− 1〉 = 0

Since the eigenvectors are orthogonal. Same sort of calculation for 〈Ly〉.
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From symmetry, 〈L2
x〉 = 〈L2

y〉. So

〈L2
x〉+ 〈L2

y〉 = 2〈L2
x〉 = 〈L2〉 − 〈L2

z〉

Which means

〈L2
x〉 =

h̄2

2

[
l(l + 1)−m2

]

9.26 Note that

〈θφ|ϕ〉 =
i√
2

(
Y 1

1 + Y −1
1

)
So |ϕ〉 = i√

2
(|11〉+ |1-1〉).

(a) Lz = ±h̄, probability 1
2

each.

(b) 〈Lx〉 = 1
2
〈ϕ|(L̂+ + L̂−)|ϕ〉 = 0.

(c) 〈L2〉 = h̄21(1 + 1) = 2h̄2.
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